Given a compact Kähler manifold X it is interesting to ask whether it admits a constant scalar curvature Kähler (cscK) metric in at least one Kähler class [ω] ∈ H 1,1 (X, R). In this short note we show that there always exist cscK metrics on compact Kähler manifolds with nef canonical bundle, thus on all smooth minimal models, and also on the blowup of any such manifold. This confirms an expectation of Jian-Shi-Song [14] and extends their main result from KX semi-ample to KX nef, with a direct proof that does not appeal to the Abundance conjecture.
Introduction
Let X be a compact Kähler manifold of dimension n ≥ 2, let K X be the canonical bundle and c 1 (X) := c 1 (−K X ) the associated (1, 1)-cohomology class. Going back to the work of Calabi [3] , existence of constant scalar curvature (cscK) metrics has been a much studied question in Kähler geometry. In particular, by Yau's celebrated theorem it has been known for decades that cscK metrics always exist on compact Kähler manifolds with ample canonical bundle. Much more recently it was shown by Jian-Shi-Song [14] that cscK metrics always exist also when K X is only semi-ample. The step from ample to semi-ample is of special interest thanks to the minimal model program, and especially in view of the Abundance conjecture. Indeed, by MMP and Abundance for surfaces, every compact Kähler surface of Kodaira dimension κ ≥ 0 are birational to a surface which is minimal. In particular, it follows from [14] that all such surfaces admit cscK metrics. There are some other situations when the Abundance conjecture is known, but in general the gap K X semi-ample to K X nef is still conjecture.
In this short note we confirm the expectation of [14] that their existence result should hold in general for −c 1 (X) nef, with a proof not relying on the Abundance conjecture, and which is valid for arbitrary (projective or non-projective) compact Kähler manifolds in any dimension:
Suppose that X is a compact Kähler manifold with −c 1 (X) nef. Then for any Kähler class [ω] on X, there is ǫ X,[ω] > 0, such that for all 0 < ǫ < ǫ X, [ω] , there exists a unique cscK metric in the Kähler class −c 1 (X) + ǫ[ω]. In particular, every smooth minimal model X admits a cscK metric.
As a consequence of this result and Arezzo-Pacard [1] we obtain the following.
Corollary 2. Blowups of compact Kähler manifolds with −c 1 (X) nef admit cscK metrics.
A few comments on the proof are in order. Just as in [14] our proof partly relies on the work of Chen-Cheng [5] , which is concerned with properness/coercivity of energy functionals on the closure E 1 of the space of Kähler metrics. The new ingredient is to combine the above machinery with an elementary observation about the following numerical quantity
where M is the K-energy functional, E −ρω ω is the energy part in its Chen-Tian decomposition, see [6] . The above quantities are sometimes called stability thresholds, and they are well-defined real numbers (not equal to infinity), see [18] . It is often relevant to note also that δ([ω]) ≥ α X ([ω]) > 0 where the latter denotes the classical alpha invariant of Tian [20] .
In order to streamline the proof of Theorem 1 we introduce the following shorthand terminology related to the J-equation and J-stability: Let θ be any smooth (1, 1)-form on X and write [θ] ∈ H 1,1 (X, R) for the associated cohomology class. We say that ((X, [ω]); [θ]) is J-coercive (or J-stable, see [4] ) if and only if the E θ ω -functional is coercive on the space E 1 := E 1 (X, ω), i.e. there are constants δ, C > 0 such that
The strategy of proof is then based on the following observation, which in view of [18] can be interpreted as a geometric condition on the Kähler cone:
Given a compact Kähler manifold with −c 1 (X) nef, the idea is then to show that the J-stability condition of the above theorem is always satisfied for
In fact a bit more can be said, as shown by the proofs of Theorem 1 and Theorem 3 given in the next section. 
Proof
We quickly recall the notation and terminology for energy functionals that we will use, which is the standard variational setup frequently used throughout the Kähler geometry literature. To introduce our notation, let (X, ω) be a compact Kähler manifold of complex dimension n ≥ 2 and write γ := [ω] ∈ H 1,1 (X, R) for the associated Kähler class. Let
be the Kähler volume of (X, ω). Let ρ ω be the Ricci curvature form, normalized such that [ρ ω ] = c 1 (X), and write S(ω) := Tr ω ρ ω for the scalar curvature of (X, ω). Denote the automorphism group of X by Aut(X) and its connected component of the identity by Aut 0 (X). Write C X ⊂ H 1,1 (X, R) for the cone of Kähler cohomology classes on X. Let C X be the nef cone, ∂C X its boundary, and let Big X be the cone of big (1, 1)-classes on X.
We write (H ω , d 1 ) for the space of Kähler potentials on X endowed with the L 1 -Finsler metric d 1 , and denote by (E 1 , d 1 ) its metric completion (see [8, 9, 10, 11] and references therein). Write PSH(X, ω) ∩ L ∞ (X) for the space of bounded ω-psh functions on X.
Now consider ϕ ∈ PSH(X, ω)∩L ∞ (X). We may define well-known energy functionals
where θ is any smooth closed (1, 1)-form on X and θ is the topological constant given by
By the Chen-Tian formula [6] the K-energy functional can be written as the sum of an energy/pluripotential part and an entropy part as
where
is the relative entropy of the probability measures ω n ϕ /V γ and ω n /V γ . In particular, it is well known that H ω (ϕ) is always non-negative.
For any given smooth closed (1, 1)-form θ on X we also consider the θtwisted K-energy functional
As explained in [18] (and for the same reasons), in this paper it will be convenient to measure properness/coercivity of the K-energy against the functional
rather than against the Aubin J-functional or the d 1 -distance.
Definition 1. Let F : E 1 → R be any of the above considered energy functionals. We then say that F is coercive if
for some δ, C > 0 and all ϕ ∈ E 1 .
In the rest of this note we will use the notation of projective polarized manifolds (X, L), while emphasizing that this is only cosmetic, and all the arguments below hold for arbitrary Kähler classes on arbitrary (possibly non-projective) compact Kähler manifolds.
Proof of Theorem 3. The proof of Theorem 3 is a simple reformulation of the fact that existence of cscK metrics in a Kähler class c 1 (L) is connected to J-stability of the triple ((X, L); K) as in the introduction, where K := K X . We will use the following necessary and sufficient existence criteria due to [21, 22] and [12] : A polarised manifold ((X, L); K) is J-stable if n K.L n−1 L n L − (n − 1)K > 0 (2) that is this divisor is ample, and a necessary condition for J-stability of ((X, L); K) is that
In dimension n = 2 the condition thus becomes necessary and sufficient. These conditions can equivalently be expressed in terms of stability thresholds, following [18] . In the notation of that paper, we can reformulate the above conditions as a double inequality
where σ(K, L) := inf{λ ∈ R : K − λL < 0} and δ 2,K (L) := sup{δ ∈ R : ∃C > 0, E −ρω ω (ϕ) ≥ δ||ϕ|| − C, ∀ϕ ∈ E 1 } is the optimal coercivity constant for the energy part E −ρω ω of the Mabuchi K-energy, which by [7] is positive if and only if the triple ((X, L); K) is J-stable.
The relationship with the cscK equation follows by considering in the same way the optimal coercivity constant δ 1 (L) := sup{δ ∈ R : ∃C > 0, M(ϕ) ≥ δ||ϕ|| − C, ∀ϕ ∈ E 1 } and then relating it to J-stability of ((X, L); K), by observing that
In other words (X, L) is cscK if and only if ((X, L); θ) is J-stable with respect to the smooth (not necessarily positive; stability requires positivity to make sense, but coercivity can be spoken of regardless) (1, 1)-form defined by θ := θ L := K + (δ 1 (L) − δ 2,K (L))L. This is precisely the statement of Theorem 3. Note that θ is not necessarily assumed positive here, since while stability requires positivity to make sense, coercivity can be defined more generally.
Proof of Theorem 1. Motivated by Theorem 3 we now study the (1, 1)form θ L more closely. The first thing to comment on is that we cannot expect to compute θ L in any easy manner, since then we would know essentially everything about the existence of cscK problem. However, it is immediate to observe the following inequality
which follows immediately because if E −ρω ω is coercive then also M is coercive. Suppose now once and for all that the canonical bundle K := K X is nef. Then by (5) it follows that θ := θ L is ample. By adding δ 1 (L) − δ 2,K (L) to each side of the double inequality (4), we moreover deduce a similar double inequality also for δ 1 (L):
In order to make use of this observation, it will be enough to show that there exists an ample line bundle L on X for which the left hand side of (6) is strictly positive. This is achieved by a simple applications of the methods in [18] . In case n = 2 the subcone of the Kähler cone where the E θ ω -functional is coercive with respect to a given θ is described explicitly in [18] . In higher dimension a complete description was not given, but all that is needed for the proof of our main result are the criteria (2), (3) and the following lemma, whose proof is identical to that in [18] : Lemma 4. Let Λ, T be line bundles such that c 1 (Λ) ∈ C X and c 1 (T ) ∈ ∂C X , that is, Λ is ample and T is nef but not ample. Then
The same result holds if Λ ∈ ∂C X , as long as c 1 (L t ) ∈ C X for all t ∈ (0, 1).
Proof. See [18, Lemma 17] .
We are finally ready to prove the main result, extending [14] and replacing the hypothesis of K X semi-ample with K X nef, as predicted by the Abundance conjecture. We recall that while it is here presented in the terminology of projective polarized manifolds (X, L), it is valid also for arbitrary compact Kähler manifolds with the same proof.
Theorem 5. (Theorem 1) Suppose that K X is nef. Then for any ample line bundle L on X, there is ǫ X,L > 0, such that for all 0 < ǫ < ǫ X,L , there exists a unique cscK metric in the Kähler class −c 1 (X) + ǫc 1 (L). In particular, every smooth minimal model X admits a cscK metric.
Proof. Suppose that K := K X is nef but not ample (if it is ample then we already know that cscK metrics exist, by Yau's theorem). As explained above it is a consequence of [5, 7, 12, 21, 22] that cscK metrics must exist if the Kähler class θ := K + (δ 1 (L) − δ 2,K (L))L satisfies n θ.L n−1 L n − (n − 1)σ(θ, L) > 0. Now fix an auxiliary line bundle T which is nef but not ample, in such a way that L t := (1 − t)T + tK is ample for all t ∈ (0, 1). Consider
as a function of ǫ ∈ R and t ∈ (0, 1). By the last part of Lemma 4 we then have
so that in particular R 0 (1) = 1. By continuity we may therefore fix t 0 ∈ (0, 1) such that R 0 (t) > 0 for all t ∈ (t 0 , 1). Moreover, it can be easily checked that σ((K + ǫL t ), L t ) = σ(K, L t ) + ǫ and hence also R ǫ (t) = R(t) + ǫ.
It follows that R ǫ (t) > 0 for all t > t 0 and all ǫ > 0. Taking ǫ Lt := δ 1 (L t ) − δ 2,K (L t ) and noting that this quantity is always positive, it follows from Theorem 3 and (4) that c 1 (L t ) admits cscK metrics for all t > t 0 . By possibly rescaling L if necessary, it follows that for every ample line bundle L on X, there is ǫ X,L > 0 such that for all 0 < ǫ < ǫ X,L , there exists a unique cscK metric in the Kähler class −c 1 (X) + ǫc 1 (L) . This is what we wanted to prove.
Since it is also clear that the line bundles can be replaced everywhere with arbitrary nef or Kähler (1, 1)-cohomology classes, we obtain precisely the statement of Theorem 1 in the introduction.
